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ABSTRACT 

We give asymptotically correct estimations for the cotype 2 constant 
C2(~;~(mxn)) of the s p a c e  ~P(mxn) of all m-homogeneous polynomials 

on Xn,  the span of the first n sequences e k : ((~kj)j in a Banach sequence 
space X. Applications to Minkowski, Orlicz and Lorentz sequence spaces 
are given. 

1. I n t r o d u c t i o n  

A s c a l a r  v a l u e d  m a p p i n g  P o n  a B a n a c h  s p a c e  E is sa id  to  b e  a c o n t i n u o u s  m -  

h o m o g e n e o u s  p o l y n o m i a l  p r o v i d e d  t h a t  t h e r e  is s o m e  m - l i n e a r  a n d  c o n t i n u o u s  

f o r m  L o n  E • 2 1 5  E ( m  t i m e s )  s u c h  t h a t  L ( x , . . . , x )  = P ( x )  for  al l  x e E .  

T h e  s p a c e  

p ( m E )  = { P :  P m - h o m o g e n e o u s  p o l y n o m i a l  o n  E }  
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together with the norm 

IIPII = sup  IP(x ) l  
Ilxtl_<l 

forms a Banach space. A (bounded linear) operator T: E -+ F between Banach 

spaces is said to have cotype 2 whenever there exists some finite constant g > 0 

such that for any finitely many x l , . . .  ,xn c E,  

]]TXk]] 2 <-- ~ ]l ~-~,rk(t)xkll 2dr , 
- -  k = l  

where rk stands for the k-th Rademacher function. As usual, we denote by C2(T) 

the best constant in this inequality. It is well known that the cotype 2 operators 

with C2 form a Banach operators ideal. A Banach space E is said to have cotype 

2 if idE has cotype 2; we denote C2(E) for C2(idE). 
Dineen proved in [9], Proposition 1.54 (see also [8]) that / ~  is finitely rep- 

resentable in P(mE) (provided m _> 2 and E is infinite dimensional), which in 

particular means that ~(mE)  does not have cotype 2. 

Let now X be a Banach sequence space (e.g., ~p, 1 < p _4 oc) and denote by 

X~ its subspace spanned by the sequences ek = (Ski)j, 1 < k < n. Since P(mX)  
for m > 2 has no cotype 2, the sequence (C2(p(mxn)))~ tends to c~. Our aim is 

to give an asymptotically optimal description of this divergence. We conjecture 

that for any symmetric real Banach sequence space X and m _> 2, 

1/2 m--1 / (1) • (n ) 

and prove this conjecture within the class of all X which are either 2-convex or are 

2-concave and have non-trivial convexity. This result gives various asymptotically 

optimal cotype 2 estimates for spaces of polynomials on ip-spaces, Orlicz spaces 

and Lorentz spaces. 

In an appendix we give an asymptotically correct estimate for the cotype 2 

constants of the injective tensor product of finite dimensional spaces which is a 

proper extension of results from [1]. 

2. Pre l iminar ie s  

We use standard notation for Banach spaces and sequence spaces. For back- 

ground on Banach space theory we refer to [14], [15], for local theory of Banach 

spaces to [4], [7], [23] and for background on general theory of polynomials and 

tensor products see [4], [9], [10]. By s  F) we denote all (bounded and linear) 

operators between the Banach spaces E and F.  
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Given any two sequences (an)n, (bn)n C_ R, we write a n ~ bn whenever there 

is s o m e c >  0 s u c h t h a t  an < c b n  for a l l n .  We w r i t e a n  •  if a n - <  bn and 

bn ~ an. 

Throughou t  the paper  X will denote a Khthe  function space (in the sense of 

[15], Definition 1.b.17) over (`7, E, #), where `7 is finite or countable and # is the 

counting measure  o n / 7 ,  i.e., a real Banach space X of functions r `7 -+ ~ such 

tha t  

(i) if Ir < [r for all j and r �9 X,  then r �9 X and [[r < [[r 

(ii) for all finite Z C `7, the characterist ic  function X z  belongs to X.  

Our  main  reason for dealing with real spaces only is to keep the paper  simple; 

in section 7 we indicate how our main  results on (1) can be t ransferred to the 

complex case. 

We will say tha t  X is a Banach  sequence space whenever ,7 = N and g~ ~-+ 

X ~-+ goo with embeddings  of norm 1. In part icular ,  all en = (hnk)k �9 X and 

Ilenl] = 1. A Banach  sequence space is said to be symmet r i c  if every ~ �9 X ,  when 

we consider its decreasing rear rangement  (~ )ncN  given by 

~* := inf{ sup ]~i]: g C_ N, c a r d ( J )  < n}, 
i E N  \ J 

satisfies tha t  ll(~n)nllx ---- II(~;)nllx" For each n �9 N we define the space Xn := 

s p a n { e l , . . . , e ~ } .  Recall the definition of the Khthe  dual of a Khthe  function 

space X modeled on a finite or countable set ,7: 

X x := {7] �9 •/7: f]~ �9 11(`7) for all ~ �9 Z } .  

Wi th  the norm Ilvllx• =-- sup,,~Hx<l IIv~l]~ this is again a Banach  sequence space 

tha t  is symmet r ic  whenever X is so. Note tha t  (Xn) '  = (X x )~ holds isometrically 

for each n. Following s tandard  nota t ion  define the fundamenta l  function of X by 

n 

:= II }--] ekl lx  
k = l  

for n �9 N, and recall tha t  

(2) = .  

(see, e.g., [14], 3.a.6). A Khthe  fimction space X is said to be r-convex (with 

1 <_ r < ec) and s-concave (with 1 _< s < oe) if there exists a constant  ~ _> 0 

such tha t  for any choice ~1 , . . . ,  ~n �9 X we have 

- -  \ k = l  
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and 

k : l  

respectively; we denote by M (r) (X) and M(s)(X) the smallest constants in each 

inequality. Recall that X is r-convex (s-concave) if and only if X • is r'-concave 

(sl-convex) (see [15], 1.d.4). If X is r-convex for some r or s-concave for some s, 

then we say that X has non-trivial convexity or non-trivial concavity; 2-convex 

and 2-concave spaces will be of special interest. It is well known that X is 2- 

concave if and only if it has cotype 2; in this case, M(2)(X,~) ~ C2(X~). More 

generally, M(2)(Xn) • C2(Xn) whenever X has non-trivial concavity (see [15], 

1.d.6). Hence for X with non-trivial concavity our conjecture from (1) can be 

reformulated as follows: 

(3) C2(sD(mx,+)) • (nt/m)"+-tM(2)CX,+). 

Let E be any Banach space and T E s E). Then for independent Gaussian 

random variables g l , - . - ,  gn on a probability space (Vt, E, #) the / -norm of T is 

defined to be 
\ 1/2 

This definition is independent of the choice of the orthonormal basis in /~  and of 

the random variables (gj)j (see, e.g., [23], Section 12). 

We will frequently use the fact that if X has non-trivial concavity, then 

(4) l(id: g~ -+ X,~) ~ Az(n); 

indeed, from [23], (4.3), (4.7) and (4.8), we can take r l , . . . , r ~  the classical 

Rademacher functions to get 

Z(t~ --~ X,~) • II ~ g k e k l l x  d # •  II ~-:rk(t)ekllX d t=  II ~-]ekllx.  
k = l  k = l  k = l  

As usual, define 

X(E)  := {(xi)ieff C_ E: (IIx~IIE)~ e X}, 

where X is a Khthe function space defined on a countable or finite set J as before 

and E is any Banach space. Together with the norm II(xi)il[X(E) := II(Hx~IIE)~IIx 
this space becomes a Banach space. The natural embedding X | E ~ X(E)  
induces a norm on the tensor product, and X @ E endowed with this norm will 
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be denoted by X |  E. It is known (see, e.g., [17], Lemma 1.12) that if X is a 

2-concave Banach sequence space and E is any Banach space of cotype 2, then 

X ( E )  has cotype 2 and 

(5) C2(X(E))  _< v/2M(2)(X)C2(E).  

3. R e d u c t i o n  t o  full  t e n s o r  p r o d u c t s  

We write |  for the m-th full tensor product of a Banach space E, and |  

whenever we endow this space with the injective norm e. Similarly we denote 

by | the m-th symmetric tensor product of E endowed with the symmetric 
S s  

injective norm Cs. By the symmetrization map 

1 
E | S (xl |  | ,= )  : 7.' Z x (1) |  | 

aEEm 

where E,~ stands for the group of permutations of {1,. ,m}, the space | 
�9 " E s  

can be considered as a complemented subspace of |  recall that the natural 

embedding has norm _< ram~m! and the projection P = S~ ~ has norm 1 (see, e.g., 

[10], 3.1). We use the notation | for the m-th Hilbert tensor product of g~ 

(for x = E l l  ..... ir. a(i . . . . . .  i ,n )e i l  |  put I1 11= = . . . . . .  im la(il ..... im)12)1/2)" 
It is well known that,  if M is a finite dimensional Banach space, we can represent 

the space of m-homogeneous polynomials on M as the m-th symmetric tensor 

product of M'  (see [10], 5.3): 

(6) | = p (mM) ,  | ~-~ [x ~ x'(x)m]. 

Let us see that in our case we can go a little bit further and even work in the full 

tensor product. 

P R O P O S I T I O N  3.1: Let X be a symmetric Banach sequence space and m C N. 

Let ( a n ) n E N  C R s u c h  that a m n  -R an  (resp. a n -R a m n ) ;  then the following a r e  

equivalent: 

(i) C~(P(~X~))  < an (resp. a .  < Cs  
C t~m sx1 ~ (ii) C2~w~'r~m *X'n/~ -~ an (resp. an -< 2~we~' n)/" 

(iii) C 2 ( |  ") -< an (resp. a~ -< C 2 ( |  

The proof is based on the following Lemma. 

LEMMA 3.2: Let X be a symmetric Banach sequence space and m C N. Then, 
m m,s  for all n C N and k C No, | Xn is a complemented subspacc o f |  Xmn+k, 

m I ra,s | X,~" d | X,~+k,  
p 
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wieh II/ll ~ 1 and IIPII ~ m% 

Proof: Consider n, k and, for each i = 1 , . . . ,  m, let us define injections Ii: Xn 

Xm,~+k and projections Pi: Xmn+k --+ X~ by 

Ii ajej = E ajen( i -1)+J ' Pi E a j e j )  = an( i_ l )+je  j .  
- -  j : l  j : l  j=l  

Clearly, I / i s  an isometry and [[P~][ _< 1 for all i. Consider now the symmetrisation 
m X mapping Smxm,+k and the embedding [mxmn+k " | Xmn+k  "~ | mn+k. NOW 

we have, by [10], 1.10, that 

S m  i m 

"~X ~ m X  x~+~ ~ . ~ X  x,~+~ m X  m,L%. o m X  | n | rnn+k ~es' mn+k ~ | mn+k | n 

gives the identity on | n. This clearly gives the conclusion. The bound on 

the norms comes from an immediate application of the metric mapping property 

of e and the above given norms for Smx,~+k" | 

Proof of Proposition 3.1: The equivalence (i) r (ii) follows in both cases im- 

mediately from the representation (6). For the proof of (ii) r (iii), let us assume 

first that amn -~ an. Then the implication (ii) ~ (iii) follows from Lemma 3.2, 

C m ! m m,s ! 2(|162 Xn) <_ m C2(|  Xmn) -~ amn ~ an. 

m,s ! ~__ m t On the other hand, (iii) ~ (ii) is immediate from the fact that @~ X n | X~. 
m,s t ~_ m t Assume now that am~ ~- a,~; then (ii) ==~ (iii) follows from | X ,  | X~. 

To prove (iii) ~ (ii), let us define [s/m] = max{k �9 N: k <_ n / m }  for each 

n > m. Then, from Lemma 3.2 we have that 

! 

P 

with IIIll _< 1 and ]IPll <_ m m. Then the proof goes as before. Notice that, 

depending on whether m divides n or not, we have that n = [n/m]m or n = 

[n/mira + 1. . 

1/2 m - I  r Remark 3.3: The sequence an = (n ) C2(Xn) considered in our conjecture 

satisfies that  for any fixed m, (anm) ~ (an). Indeed, we obviously have that 

( ~ i / 2 ) ~ - i  • ( (nm)i /2 )~-1 .  For the cotype 2 constants note that X~ -- (X•  
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and C2 (]In) • C2 (Ynm) for each m and each symmetric sequence space Y; indeed, 

if we factorize as follows, using the mappings defined in the proof of Lemma 3.2, 

Yml% >" Y m n  

l 
Y,~ >Y,~ 

then idym~ = y~im=l Iiidy. Pi and hence C2(idy.) <_ C2(idy~.) <_ mC2(idy.). 
This altogether proves that  a symmetric Banach sequence space X satisfies our 

conjecture (1) (for X with non-trivial concavity see also (3)) if and only if 

(7) c2( |  • ( ~ / ~ ) ~ - ~ c 2 ( x ~ ) .  

With this, we can give a first positive answer: Since C2(g~) • 
m n Ttm nl/2(log(n + 1)) -1/2 ([23], Section 4) and @~ g~ = goo , we get 

(s) C2( |  A (,/~m)1/2 ~ ( n l / 2 ) m - l c 2 ( ~ L )  x C 2 ( ~ ( m ~ ) ) .  
v/ log(n + 1) 

4. A general  es t imate  

Let us give now a general estimate, weaker than our conjecture. 

Let X be any symmetric Banach sequence space and m E N; 

(nl/Z)m-1 
(9) -~ c 2 ( ~ ' C X n ) )  -< (nl/2) "~. 

v'log(,, + 1) 
Moreover, if X has non-trivial convexity, 

(10) (n l /2)  m-1  -< C2(p(mXn)) -< (nl/2) m. 

The upper estimate is trivial: Note that  for any n-dimensional Banach space 

En we have that  

C 2 (E , )  <_ d(En, g~)C2(g~) ~ x/~, 

where d stands as usual for the Banach-Mazur distance. Hence, since |  has 

dimension n m, the upper estimate follows. 

For the proof of the lower estimate for C2( |  we need some work. Let us 

recall first that  if E,  F are Banach spaces and T C s  F) ,  then for each k C N 

the k-th approximation number of T is defined to be 

ak(T) = in f{ [ [T -  SII: S e s  r a n k s  < k). 

THEOREM 4.1: 

then, 
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For a complete study of these approximation numbers in the more general frame 

of the s-numbers see, e.g., [13], [18], [19]. 

Our starting point is the following result of Pisier (see, e.g., [20], Chapter 10): 

For any Banach space E of cotype 2, every T E /2 (~ ;  E),  

(11) kl/2ak(T) -< C2(E) l(T). 

In particular, for any Banach sequence space X and any m, 

(12) k 1/2 ak(id: | ~ _+ |  ) _< C2( |  l(id: | ~ __~ | 

Our goal now is to try to estimate in (12) the approximation number from below 

and the / -no rm from above in order to get a bound which can be evaluated in 

concrete cases. Let us begin with the approximation numbers. Suppose that En 

equals R n with some norm such that there is a group G of linear bijections on 

X~ satisfying: 

(i) All g E G, when considered as operators on t~, are isometries. 

(ii) Given a linear mapping u: En ~ E~, if ug = gu for all g E G, then there 

is )~ E R such that  u = )ddE~. 
(iii) For each u E L(E,~) and all gl,g2 E G, we have that Iiglug2]] = Iiui]. 

In [6] it is proved that if E,~ is such a space, then 

(13) a[,~/u](id: ~'~ -+ En) • IIid: ~ -+ Emil. 

Let now X be any symmetric Banach sequence space and let us fix n E N. For 

each choice of signs s = (r ,r E {-1 ,  +1} n and any permutation ~ E E~ 

we can define mappings 

M ~ : R ~ - + R  ~, T~:R~--~R ~ 

just by letting M~ multiply each coordinate by the corresponding ek and T.  

reorder the tuple according to 7r. Each one of these mappings is obviously an 

isometry on X,~. Define now S(R n) to be the group generated by the set 

{Me: e E {-1 ,  +1} '~} U {T~: 7r E E,,}, 

and 
s(~m~ n) ::  {T1 |  . |  T,~: Tj E S(~[n), j = 1 , . . . , m } .  

Obviously, S(R '~) considered as linear bijections on X~ has the properties (i)-(iii) 
stated above and, as a consequence, (13) holds for E~ -- X~; let us see now that,  

using S(| we can even establish (13) for E~ = | 
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P R O P O S I T I O N  4.2: Let X be a symmetric  Banach sequence space and m E N. 

Then, 

'~ mX [I/d: |  ~ ~ | Xnll. a[nm/2l(id: |  ~2 --+ | n) x m 

For m = 2 this result was proved in [1], Corollary in Section 3; we were unable 

to extend by induction the proof given there so that we present an alternative 

approach. 

Proo~ Let us begin by showing that S(| considered as a group of bi- 

jections on |  satisfies analogous properties to the ones given in (i) (iii). 

Firstly, each operator in S(| n) defines an isometry on Npg~ since each 

T E S(R n) is an isometry on ~ and, hence, (T1 (ej~) |  | T,~ ( e j m ) ) j l  ..... jm =1 . . . . . .  

is an orthonormal basis of |  

For the proof of the analog of (ii) we use an argument that was first used by 

Gordon and Lewis in [11]. We proceed by induction on m. It is known that the 

conclusion holds for m = 1; suppose now that it also holds for |  Clearly, 

the following set equals S(@'~R~): 

{T @ T,~: T E S( |  T,~ E S(~n)}. 

Consider now u: |  --+ | such that Tu = uT  for all T E S(| Fix 

6 Xn and ~* E X* and define the mapping 

v: | Xn --+ (| = |  

by (v(~),~*) = (u(y N ~),*l* | ~*). Then Tv = vT for all T E s(@m-lXn); 
indeed, for all 71 E |  and ~* E ( |  we have 

By assumption there is a unique scalar A(~, ~*) such that (v~, ~*) = A(~, ~*)(~, ~*} 

for all y E |  and ~1" E ( |  Now define 

* m - - 1  * Consider ~1o E @m-~x,~ and ~0 E | X n such that (~0, ~}  = 1; then A(~, ~*) = 

(v~0, ~ }  = (u(~0 @ ~), ~ @ ~*}. With this, proceeding in the same way as before 

we have that wTm = Tmw for all Tm E S ( ~ ) .  Therefore, we can find t such 

that t(~, ~*) = (w~,~*} = A(~,~*) for all ~ E X~ and ~* E X~. Hence for every 
~,~,~*,~*, 

(~(,1 | ~), ~* | C)  = t(~, ~*)(,~,,p) = t(~ | ~ , ,p | C / ,  
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which finally shows that u = t i d |  

The third condition follows obviously from the fact that s ( |  ~) consists of 

isometrics on @tuRn. 

Take now some linear isomorphism ko: | 1R~ __+ ]R,~ TM such that, when the 

Hilbert norms are considered, ~: @~ g F -+ g~'~ is an isometry. With this we can 

define a norm in R ~m by putting II{lle := e (~ - l ( { ) )  �9 In this way, clearly, 

~': | x~ ~ ( ~ ,  II lie) 

is an isometry. Define now the group E(R am) := { ~ T ~ - I :  T �9 s(| 

Each R �9 E(IR am) obviously is an isometry on g~=. On the other hand, if 

u: R '~= --+ ]i( "m is linear and such that u R  = R u  for all R �9 E(R'~=), then 

k~-luk~T = Tk~-lulw for all T �9 s(| Using what we just proved for 

s(| ~) we get that there is some A so that ~ - l u ~  = Aid~.~x~ and, hence, 

u = ;~idR.=. 

Given any two R1, R2 �9 E(IR '~= ), since they are isometrics on (R '~m , II He), for 

all u �9 s  nr" , II lie) we have t h a t  IIR,~R~II = II~ll- 

Hence E(R n~ ), considered as a group of linear bijections on (~[ nm , II Ite), 

satisfies the above conditions (i)-(iii) so that we finally can apply (13) and the 

fact that  �9 is an isometry to obtain 

a[~=/2](@~g~ --+ |  = a[~m/2l((R ~m , II 112) -~ (Nn~, II lie)) 

•  ~ , II I1~) -~ ( N ~ ,  II Ik)ll -- II |  e7 ~ Q X~ll.'~ m 

In order to handle the / -no rm on the right-hand side of (12) recall Chev~t's 

inequality (see, e.g., [23], (43.2)): For any two operators T �9 s E) and S �9 

s  F),  

(14) l (T  | S: e~ @2 g~ --> E | F)  _< c(IITIll(S) + I(T)IISlI), 

where c _> 0 is some universal constant. In [3], Lemma 6, it is shown by induction 

of Chev~t's inequality that  for T E s E)  and m _> 2, 

(15) /(| |  e~ --+ |  _< c~l(T)]lTI] m - l ,  

where c.~ _> 0 is a constant depending only on m. 

LEMMA 4.3: Let  X be a symmetr ic  Banach sequence space and m c N; then 

Ilid: g'~ + X . l l  
(16) 

(d/~)m l(id: e~ -+ xn) 
c 2 ( |  
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Proof'. Putting k = [nm/2] in (12) and using Proposition 4.2 we get 

(17) (~m)1/211 | q ~ | ~ c~(| l ( |  -~ | 

To finish, note that Ilt~ --~ Xnll "~ = II |  g~ --+ | and use (15). | 

With this we can now give the 

Proof  of  Theorem 4.1: The upper estimate has already been proved. The lower 

one will follow from Lemma 4.3 applied to the symmetric Banach sequence space 

X • (instead of X). To begin with, from the definition and applying [23], (4.4) 
and (4.8) we have 

l(q -~ X'n) = II ~-~gkekll2x• 

_<Mv/log(n + 1) II ~ rk(t)~k I1~• dt) 
1/2 

k= l  
n 

=Mv/log(n  + 1) ~ ek 
XX" 

On the other hand, II E2=1 ekllx- _< ~lle~ -~ x ' l l .  From this and (16) we 
obtain 

(nl/2)m-1 C m I ~(| x,~) >- 
v/log(n + 1)" 

With this and Proposition 3.1 we get (9). For (10), notice that if X has 
non-trivial convexity, then X • has non-trivial concavity, and hence by (4), 

1(s -9 X~) • )~x• (n). | 

5. P r o o f  of  t he  conjecture for 2-convex spaces 

Let us prove now that our conjecture (1) (see also (3)) is true when X is a 
2-convex symmetric Banach sequence space. 

THEOREM 5.1: Let X be a symmetric  2-convex Banach sequence space and [ix 

m; then 

C2(~(mXn)) • (nl/2) ~-1.  

Three lemmas are needed for the proof. The following definition was introduced 

in [16] and is a generalization of the classical concept of (p, q)-summing operators. 
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Definition 5.2: Let X, Y be two KSthe function spaces modeled on some finite or 

countable set ,7 and E ,  F two Banach spaces; we say that  T E s F) is (Y, X) -  

summing if there exists some constant  c _> 0 such that  for any finite Z C_ ,7 and 

(xi)iez C_ E, we have that  

I I ( l lTxdb)iezl lg  <_ c sup II(x '(xi)hezllx;  
IIx'IIE,-<I 

the best constant  in this inequality is denoted by ~rg, x (T). 

For X = / p  we as usual write ~rp = ~rx,x. It  is easily shown tha t  if i: X ~ Y, 

then T 6 s  F)  is (Y, X) - summing  if and only if i | T: X | E --+ Y |  F is 

continuous and, in this case, 

~ry, x (T )  = Iii | T: X | E -+ V |  FII- 

The following result is a slight modification of Lemma 1.2 in [16]; for the sake of 

completeness we give here an adapted proof. 

LEMMA 5.3: Let Y be a K6the function space modeled on ,7, finite or countable, 
such that Y = y x x ;  then any ( l i ( J ) ,g i (J ) ) - summing  operator T e s  F )  is 

(]I, Y)-summing and 

7ry, g (T) <_ zct, (j),tl (*J) (T). 

Proof: Take Z C ,7 finite and (x i )~z  C_ E; we know that  

sup 
Ib'li~,_<i 

II(IITx IIF) c=Ile (J) _< '~1~1 (00"),~1 (J)(T) 

Since Y = y x x ,  

II(llTxillFhezllg =ll(llTx llFh zllr•215 = 

<-~rel (.7),h (J) (T) 

=Trh (J),t~ (.7) (T) 

:71"~1 (o~'),1~1 (0"7) (T) 

= ~ ,  (J),el (J) (T) 

sup ]l(r 
]l(~)ill~ • _<1 

sup sup II(x'(~xi))iezllt~(j) 
II((/h lit • _<1 II~'IIE, <l 

sup sup ]l(~ix'(xi))iezlltKj) 
I b ' l b ' -  <1 I I(r  • -<I 

sup 
Ib' l lE,_<i 

sup �9 
I I ~ ' l b ,< l  

The assumption Y -- y x  x is equivalent to the Fatou proper ty  of Y (see [15], 

Section 1.b). 

The following Lemma is of independent interest. 
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LEMMA 5.4: Let Y be as in Lemma 5.3; then for each Banach sequence space 

X and n E N 

7W, y(idx,)  = IIid: Y | X~ -+ Y | Xnl] ~ KcM(2)(X~) n ~/2, 

where KG >_ 1 is Grothendieck's constant. 

Proof By the Grothendieck-Krivine inequality (see [15], Theorem 1.f.14), for 

any T 6 s Xn) and finitely many X l , . . . ,  xm E C(K), 

m 1/2 m 
] ( k~l 'Txlr 2) x <- KG"T" (k~l 'Xk[2)  1/2 

_ _ C ( K ) "  

Hence, 

m 1/2 ll(  =lITxkl2) l/21[x 
<_KGM(~)(Xn) IITII II( l kl 2) 1/2 

Ile(~:) 

=KGM(2)(Xn) ]ITI] sup ]x'(xk)] 2 , 
Ilxql<l 

- -  k = l  

so that ~r2(T) _< KGM(2)(Xn)IITII. Then, by [23], Proposition 10.17, and the 

well known fact that 7r2 (idx~) = v ~,  

7rl(idx~) < KaM(2)(Xn)Tr2(idx~) = KvM(2)(Xn)x/n. 

With this, applying Lemma 5.3, we get 

[]Y| X~ -4 Y |  X~]] =Try, y(idx,~) < ~rtl,t~(idx,~) 

=~rl(idx~) < KaM(2) (Xn)v~ .  | 

For the formulation of the third Lemma we need some fnrther notation. If 

X is a Banach sequence space let us define [X] 2 to be the space of functions 

r N• -~ R such that (r k))k E X for all n and (]l(r k))kl]x)n 6 X. Define 

the norm ]]r = ]l(ll(r k))al]x)~]lx, and note that [X] 2 together with this 

norm is a K5the function space modeled on N 2 . Notice that [X] 2 ~ X(X)  holds 

isometrically. 

Suppose that [X] m-1 has been defined and let us define [X] m like those func- 

tions r N ~ -+ R such that ( r  im-1, im))imeN C X for all ( i l , . . . ,  im-1) 6 
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W n-1 and (jl(r . . . .  , ira-l ,  im))i. ,  [IX)(i ...... i~_~) e IX] m-1. We endow it with 
the norm 

[lr : II(ll(r ..... i ~ - , ) l ] [ x ] ~ - ' .  

With this norm [X] m is a KSthe function space modeled on N ~ and IX] "~ TM 

[ x I m - I ( X ) .  A simple iteration of (5) shows that for each m there is some constant 

K > 0 such that, for each 2-concave Banach sequence space X, 

(18) C2([X] ~) _ K M(2)(X) '~. 

LEMMA 5.5: Let X be a Banaeh sequence space and m c N; then, for all n, 

llid: @? X .  -4 [X.]ml] _< m-1 K~ M(2)(Xn) m-1 (nl/2) m-1. 

Note that when X is 2-concave, M(2)(X,) < M(~.)(X) for all n. 

Proof: Let us prove it by induction. The case m = 2 follows from Lemma 5.4 

(put Y = X,) .  Suppose that the result holds for m -  1. Considering the following 

commutative diagram with the natural ma:pings 

we get 

(| xn)  | x .  ~ [x.] ~ : [ x d ~ - l ( x ~ )  |  = m-1 

l " ~ I ~ ' ~ ~ I  ~ 
[X~] m-1 | X,~ 

II | x~ ~ [Xd~ll ~[l( |  o~ Xn ---> [Xd ~-~ | X~ll" 

II[x,d ~-~ | x,~ ~ [ x d  ~-~ | x,~l). 

From Lemma 5.4,  w e  know that II[Xd ~ - 1  | X~ -~ [Xd m-1 |176 Xnll <_ 
KaM(2)(X.)  n 1/2. As [[(@m-lxn) | X n ~ [Xn] m-1  |162 X,~ll 5 II |  x .  
[x.]m-1 ]], by applying the induction hypothesis we obtain 

II |  X .  -+ [x.lmll <__ K ~ - ' M ( 2 ) ( X . )  m - '  (nl/~) m-1.  | 

With all this we are now ready to give the 

Proof  of  Theorem 5.1: Notice first of all that it is enough to prove that every 

X, 2-concave and symmetric, satisfies C2(| x (nl/2) m-1. Indeed, taking 

X a 2-convex space and applying this to X~ jointly with Proposition 3.1 we get 

c~(p(mX,~)) • ( ,Y2)~-L 



Vol. 129, 2002 COTYPE 2 ESTIMATES 305 

Let then X be any 2-concave symmetric Banach sequence space. To get the 

desired upper estimate of C2(|  let us factorize 

7r~ i d  
| Xn  

Then, from Lemma 5.5 and the fact that  II[Xn] m ~ | _ 1 we have that  

Now, by (18), C2([X~] ~)  ~ M(2)(X,~) ~ _< M(2)(X) ~,  hence 

This, together with Proposition 3.1, gives the upper estimate. The lower bound 

follows from Theorem 4.1, since X is non-trivially convex. | 

6. P r o o f  of  t h e  c o n j e c t u r e  for  2 - c o n c a v e  spaces  

Let us now see how our conjecture (1), and also (3) follows for 2-concave spaces 

with non-trivial convexity, giving the following 

THEOREM 6.1: Let X be a 2-concave symmetric Banach sequence space with 

non-trivial convexity and fix m C N; then 

C2(7~('~X,~)) ~ (nl/2)m-lM(2)(X,~) ~ n'~/2-1Ax(n).  

As we did in the previous section, we are going to prove the theorem using 

Proposition 3.1, which means to prove that  for every 2-convex X with non-trivial 

concavity 

(nl/2) m" 
(19) C2( |  x (n l /2)m- lM(2)(Xn)  ~. Ax(n) ' 

indeed, if this is true and X is 2-concave with non-trivial convexity we can apply 

it to its K6the dual and use (2) to obtain the result. We start  with the proof of 

the second estimate in (19) for m = 1. 

LEMMA 6.2: Let X be a 2-convex symmetric Banach sequence space with non- 

trivial concavity; then, 
nl/2 

M 2/(xn) • 
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M(2)(X.)  <_ IIX. ~ q l l  M(2)(~)  11~8 ~ x.I I  ~ IIq -~ xs M(2)(X) �9 

Now, since X is 2-convex, X • is 2-concave and we have already noted X~ = 

(X• Moreover, by [22], Proposition 2.2 (see also [5]), we have Ilia* --4 E~]I • 

n-1/2~E~ (n) whenever E is a 2-concave Banach sequence space. With all this 

and (2), 
nl/2 

M(2)(Xn) _< M(2)(X)II~ -~ X'II -< - -  

For the lower estimate take k = In/2] in (11) to get 

[n/211/2a[,q2](i~ --4 X~) ~ M(2)(Xn)l( i~ --4 X~). 

Now, since X has non-trivial concavity, we can apply (4) and (13) to get 

M(2)(Xn) >- 

This completes the proof. | 

nl/2 

)~x (n) - )~x (n)" 

The next lemma corresponds to Lemma 5.4. 

LEMMA 6.3: Let X be a Banach sequence space and Y be a KSthe function 

space modeled on some finite or countable set; then, for every n, 

Ilid: X .  | Y --4 X.(Y)I  I _< &x(n). 

Proof  We factorize in the following way, 

X~ | Y > x ~ ( Y )  

t ~  | y = ~ ( y )  

~x(n)" 

Note first that if X is 2-convex, then 1 <_ I]/~ --4 Xnl[ <_ M(2)(X) for all n. 

Clearly from this we obtain 
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and get IIX~ | Y -~ x . (Y)II  _ Ile~ | v -+ x~(Y)l l .  Let us estimate this latter 
norm: For ~1, . . . ,  ~n E Y, 

n 

II ~ e ~  | r = l l ( l l r  -< Ile5 -~ Xdl  sup I1r 
k=l  k 

n 

k = l  

hence 

n n 

liCE | Y -~ Xn(Y)ll <_ liCE -+ x.II = sup II ~-~ Xkekllx. _< II Y~'~ ekllx, 
]~k[-<l k= l  k----1 

which proves our claim. I 

Analogously to what we did before Lemma 5.5, we define IX]2 as those func- 

tions r N x  N -+ R such that  (r k))n C X for all k and (ll(r k))nllx)k C X; 

with the norm defined in the obvious way we have that  IX]2 ~ X ( X )  holds 

isometrically. Let us suppose that  [X]m-1 has been defined and define [X]m to 

be the space of all r N m -+ R such that  ( r  im))(i~ ..... im_0CNm--1 E 

[X]m_ 1 for all i m and (l l(r  ..... i,~_Ol[[x],~_~)im c X .  We de- 

fine the norm 

IIr = II (11 ( r  im-1, i m ) ) ( i l  ... . .  ira--l) IItxl~_~)~m IIx. 

In this case, we have that  [X]m ~ X([X]m-~) holds isometrically. Once again, a 

repeated application of (5) gives that  for each m there is some constant K > 0 

such that,  for each 2-concave X, 

(20) C2([X]m) _< K M(2)(X) m. 

LEMMA 6.4: Let X be any Banach sequence space and m C N; then for all n, 

IIid: |  X ,  -+ [Xdmll _< As(n) m-2. 

Proof We prove it by induction; the case m = 2 is clear from Lemma 6.3. 

Assume the result to be true for m - 1; that  is, II | xn ~ [Xn]m-lll _< 

Ax(n) m-2. For the m-th  case we have 

|  = Xn | ( |  > [Xn].~ = X.([Xn].~_I)  

x,~ | [ x d m - i  
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The metric mapping property and the induction hypothesis imply 

m-1 INn]m-Ill ~ Xn -} [Xn]m-l[[ ~ ,~x(rt) m-2 

By Lemma 6.3, IIX,~ | [Xlm-1 ~ X,(EX]~-i)ll < ~x(n), thus 

II | x .  + [Xnlmll < A~(~) "~-~. . 

Proof of Theorem 6.2: Recall that it is enough to show (19) for 2-convex spaces 

with non-trivial concavity; in fact, in view of Lemma 6.2 we just prove 

C2(emXn)  ~ (nU2)m-lM(2)(Xn). 

First of all, in order to check the upper estimate let us again factorize, 

m id | X,~ > m | Xn 

Since II[Xnlm ~ |  _< 1, together with (20), Lemma 6.4 and Lemma 6.2 we 

get 
C2(@emXn) -~ ) ~ x ( n ) m - l M ( 2 ) ( X n )  m ~ ( n l / 2 ) m - l M ( 2 ) ( X n ) .  

For the lower estimate we start from (16). Since X has non-trivial concavity, 

using Lemma 6.2 and (2), we have that 

l(id: g'~ --+ Xn) • Ax(n) • nU2M(2)(Xn) -1. 

From this and the fact that 11~ -~ x.II  _> 1, we finally obtain 

(nl /2] m 1[~2 ~ ~ X. I I  C2( |  ~'- , " ~ -+ Xn) >- (nl/2)~-lM(2)(X'O" l 

7. T h e  c o m p l e x  case 

Our main results on conjecture (1) (Theorems 4.1, 5.1, 6.1) can be easily carried 

over to complex Banach sequence spaces (defined in the obvious way). For a 

complex Banach sequence space X define 

X(R) :-- {y e X: y,~ �9 R for all n} 

and endow it with the induced norm from X. Then X(R) is a real Banach 

sequence space which is symmetric or 2-convex or 2-concave if X itself is (with 

the obvious definitions). 
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PROPOSITION 7.1: Let X be a complex symmetric Banach sequence space. Then 

for each m, 

(21) C2(p(mx(~ )n ) )  "< C2('P(rrtXn)) ~ C2(p(rax( ]~ 2n ) )). 

In particular, if (a,~) ~ (a2n) and (b,) x (b2n), then 

(an) -< C2(P(mX(IR),~)) -< (bn) 

if and only if 

(a,~) -< C2(P(mX,))  -< (b,). 

We start the proof with some remarks of independent interest. 

Remark 7.2: For any complex Banach space Z denote the underlying real Ba- 

nach space by Z~; let us observe that in this situation P(mz~)  denotes the real 

Banach space of continuous real m-homogeneous polynomials from ZR into ~. 

Let now (Y, [[ l[) be a real Banach space, and let us consider an arbitrary com- 

plexification (Y+iY ,  II Hc) of (Y, II II) (i.e., Y + i Y  = Y x Y together with a norm 

that satisfies that max{iixi[, HyN} < ]ix + iyNc = [ix - iylic and [ix + i0iic = Hxi[ 
for all x, y C Y). Then for each polynomial P C P('~Y), 

k=O 

(/5 the symmetric linear mapping associated to P (see [Di], Section 1.1)) 
which extends P and fulfills IlPC]l < (2m)m/m! IlPll. Conversely, for each 
Q E p ( m ( y  + iY)) there is a unique R E p ( m ( y  + iY)~r with 

(22) Q(x  + iv)  = R(x  + iy) - iR(e~12m(x + iy)); 

in consequence IIQII = IIRII. 
We now prove (21). For each choice P1, . . . ,  PM of polynomials in p ( m x ( R ) n )  

we have 

1/2 112 

_< 2 

(z / - < c 2 ( p ( m x . ) )  II ~ rj(t)pCll 2dt 
j = l  / 

1/2 
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c ) 1/2 

112dt 

<_~C2(~:~(mxn))(~ol]'~=lrJ(t)Pj]'2dt) 1/2 , 

which obviously gives the first inequality in (21). For the second one we first 

check 

c2(~(mx~)) < C~(~(m(Xn)~)); 

indeed, for Q : , . . . ,  QM e 7)(mX,) let R1, . . . ,  RM e P(m(X,)R) be as in (22), 
hence 

1/2 / --<C2(P(m(Xn)R)) If ~ rj(t)Rjll 2dt 
j = l  / 

1/2 

Finally, we obtain from the symmetry of X that Ilill. IIi-111 < 4, where the 

mapping 
i: (x,~)R -~ x(e)2. 

is defined by i (xl , . . . ,  Xn) := (Re x:, I m x : , . . . ,  Rexn, Imxn). Hence 

C2(~i:)(mXn)) < C2(~::)(m(Xn)R)) <_ 4mc2(~l:)(mx(~)2n)), 

which completes the proof. | 

Clearly, the complex versions of 4.1, 5.1 are now immediate, and the complex 

version of 6.1 follows the same way since by Remark 3.3 we have M(2)(X(]t0n ) 

M(2)(X(R)2~) (rewrite 6.1 in terms of concavity). 

8. E s t i m a t e s  for c o n c r e t e  spaces  

Let us now apply our results to get estimates for some special important sequence 
spaces. In view of the preceding section, now all considered Banach sequence 

spaces will be complex. 
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Example8.1: We begin with lp; it is well known that ip is r-convex iff l < r < p, 

and s-concave iff p ~ s < c~. Therefore Theorem 5.1, Theorem 6.1 and (8) give, 

for each m C N, 

(,~l/~)m i f p  = 1, 
C m~n 

2(P(  p ) ) •  nm/2-1n 1/p i f l < p _ < 2 ,  
(nl/2) m-1  if 2 <_ p < co. 

Example 8.2: Let ~ be a non-degenerate Orlicz function and / v the Orlicz se- 

quence space associated to it (see [14], Chapter  4, for definitions and properties).  

An Orlicz function ~ is said to satisfy the A2 condition if 

lim sup ~(2t)  
t-+0 ~ < (:X:), 

or equivalently, if there is a constant C > 0 such tha t  ~(2t) ~ C~(t) for all 

t > 0. It is known (see [12], Corollary 13 and Corollary 15) tha t  l v is s-concave 

(2 _< s < c~) iff there is a constant  K > 0 such tha t  ~(At) >_ K)~S~(t) for all 

0 ___ A, t _< 1. Moreover, it is r-convex (1 < r _< 2) iff it satisfies the A2 condition 

and ~(At) < K/kr~(t) for all 0 < A,t < 1 and some K > 0. The fact tha t  

satisfies the A 2 condition guarantees tha t  / v has non-trivial concavity (see 

[12], Proposi t ion 7). Finally note tha t  an easy calculation shows tha t  Ae~ (n) = 

for all n �9 N. 

With  all this we obtain by Theorem 5.1 and Theorem 6.1: 

(i) Let  ~ satisfy the A2 condition and be such tha t  ~(At) _< KA2~(t)  for all 

0 < A , t < l  and some K > 0; then 

C " ~  (nl/2) "~-1. v)) • 

(ii) Let  ~ be such tha t  ~(At) > KA2w(t) for all 0 <_ A, t < 1 and some K > 0; 

then 
am~2-1 

m ~n c (P( 

Example 8.3: Let now X = d(w,p) be a Lorentz space (see [14], Section 4.e, 

[15], Section 2.a for definitions and basic properties) and define d~(w,p) = X~. 

In [21] it can be found tha t  d(w,p) is always r-convex (and M(~)(d(w,p)) = 1) 

iff 1 < r < p. In order to formulate concavity conditions, we say tha t  w is a-  

regular (0 < a < co) if w,, ~ ~ )-'~i=l w~. Then  [21], Theorem 2, shows that ,  for 

p < s < oc, d(w,p) is s-concave iff w is t /p-regular ,  with 1/t = 1/p - 1/s. It 

is non-trivially concave iff w is 1-regular. In particular,  this means tha t  d(w,p) 
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n is 2-convex for all 2 < p < cxD; and tha t  if 1 < p < 2 and nw q • ~i=1 wq with 

q = 2/(2  - p ) ,  it is 2-concave (and clearly of non-tr ivial  convexity).  Notice tha t  

if it is 2-concave, then w is 1-regular. 

This  gives tha t  for each m C N, 

(i) if 2 < p < ~c, then 

C2(7)(mdn(w,p))) ~ (nl/2)m-1; 

(ii) if 1 < p < 2 and nw q • ~ 1  w~ with q = 2/(2  - p), then 

n 

C2(7)(mdn(w,p))) ~ nm/2-x(~-~ wi)l/P ~ nm/2-lnl/pwl/p. 
i=1 

Example 8.4: Let us consider now the case of Lorentz sequence spaces s (see 

[2], [19]). I t  is known tha t  ip,q is r -convex iff r < p, r < q and it is s-concave if 

and only if p < s, q _< s. Wi th  this, 

C m n f ~tm/2-1rt lip if 2 > p, 2 > q, 
2 ( P ( l p , q ) )  • [ (nl/2)m_ 1 if 2 < p, 2 _< q. 

9. A p p e n d i x  

We give here a last result that ,  a l though it is not in the main  t rend of this paper ,  

is based on some of the techniques tha t  we have been using all th rough the paper .  

First  of all notice tha t  s imply by joining L e m m a  5.4 and L e m m a  6.3 we have tha t  

if X and Y are two Banach sequence spaces, then for all n, m 

(23) [lid: X ,  | Y~  -+ X,(Ym)ll  ___ min(Ax(n) ,  KGM(2)(Ym) ml/2) .  

PROPOSITION 9.1: Let X be either 2-concave or 2-convex with non-trivial 

concavity and let Y be either 2-concave or 2-convex with non-trivial concavity; 

then 

C2(X,., | Ym) ~ min (v~M(2) (Ym) ,  v ' ~ M ( 2 ) ( X . ) ) ,  

where this means that we can find upper and lower bounds with constants 

depending neither on n nor on m. 

This is a proper  improvement  of a result on cotype  2 es t imates  for injective 

tensor products  of s given in [1], Proposi t ion in Section 5. 

Proob Let us begin by assuming tha t  bo th  spaces are 2-concave. We factorize, 

id 
X n |  > X n |  

Xn(Ym) 
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Now, from this factorization and (23), 

C2(Xn @~ Ym) <-- KGM(2)(Ym) ml/2c2(Xn(Ym)). 

Using again (5) we have some universal constant K > 0 such that C2(Xn(Ym)) < 
KM(2)(Xn)M(2)(Ym). Since Y is 2-concave, the M(2)(Ym) are all bounded by 

M(2) (Y), hence 

C2(Xn @e Ym) ~ ml/2M(2)(Xn). 

By the symmetry of e, C2(Xn | Ym) -< nl/2M(2)(Ym), which gives the desired 
upper estimate. To get the lower bound we have, from (11), 

nv~-mllg~ O2 @ -+ Xn | Ymll < C2(Xn | Ym)Z(g'~ O2 g~ -+ Xn | Ym). 

We know that IIg~ | @ -+ Xn| = I1~ -~ X~II I1@ -~ Ymll" On the other 
hand, by Chev~t's inequality (14), 

/(e~ @2 g~ -+ X,~ | Ym) <_ C(g(g'2 ~ -+ Xn)lle~ -+ Ymll + IIg~ -~ X.  llg(@ -~ Y~))- 

All this gives 

(24) 1 < c2(x~  | y~) ~ lle~ -+ Xnll + ~ II@ -~ Y ~ l l /  

Since X has non-trivial concavity, by (2), 1(~'2 ~ --+ Xn) -~ .~x(u) < x/~ll/~ --+ X~II; 

and the same holds for Y. Sampling this in the last inequality and after the proper 

cancellations we obtain 

1 
1 -< C2(Xn | Ym)min(v/~ ' v~)' 

with which we have what we wanted. Assume now that both spaces X and Y 
are 2-convex and have non-trivial concavity. For the upper estimate we factorize 
as we did it before to get, applying Lemma 6.2, (5) and (23), 

C2(X,  | Ym) <_ Ax(n)C2(Xn(Ym)) -< v/nM(2)(Ym). 

But again we also have C2(X~ @~ Ym) < v~M(2)(X~) ,  which yields the upper 
bound. For the lower one we start, as before, from (11) and apply Chev~t's 

inequality to arrive at (24). Then we apply that II/~ --+ X~I I _> 1 and, since X 

is 2-convex and has non-trivial concavity, by (2) and Lemma 6.2, l ( ~  --+ X~) x 

~x(n) x v/-nM(2)(X~) -1 (the same is true for Y) to get 

1 < c s  | rm) ( v ~  v ~  ) 
nx/h-~M(2)(Xn ) + nvFn-~M(2)(rm) 

1 
<C2(X~ | Ym)min(v~M(2)(Xn) ' v~M(2)(Y-0)" 
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This proves the second case. The proof of the case when one is 2-concave and the 

other one is 2-convex with non-trivial concavity goes as the two previous ones, 

taking the appropriate estimate in each case. | 

As a straightforward consequence we have the following characterization. 

COROLLARY 9.2: Let X,  Y be any two Banach sequence space; then X,  Y are 

both 2-concave if  and only if 

C2(Xn | Ym) • min(v~ ,  v ~ ) .  

Proo~ The 'only if' follows from Proposition 9.1. The ' if '  implication yields 

from the fact that  if we fix m = 1, then we have X ,  @~ Ym -- X ,  and 

C2(Xn) • min(v/-~, 1) = 1. 

In other words, the C2 (X~) are bounded and X is not isometric to ~ .  Therefore 

X has cotype 2, hence is 2-concave. The same proof is valid for Y. | 

It  is well known that,  if either E or F are finite dimensional, s  F) -- E ~ | F 

holds isometrically. Therefore we obtain the following corollary. 

COROLLARY 9.3: Let X be either 2-concave with non-trivial convexity or 2- 

convex with non-trivial concavity; then 

c2(L(x.)) • v% 
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