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ABSTRACT

We give asymptotically correct estimations for the cotype 2 constant
C2(P(™Xn)) of the space P(™X,,) of all m-homogeneous polynomials
on Xy, the span of the first n sequences ey = (dx;); in a Banach sequence
space X. Applications to Minkowski, Orlicz and Lorentz sequence spaces
are given.

1. Introduction

A scalar valued mapping P on a Banach space F is said to be a continuous m-

homogeneous polynomial provided that there is some m-linear and continuous
form L on E x --- x E (m times) such that L(z,...,z) = P(z) for all z € E.
The space

P(™E) = {P: P m-homogeneous polynomial on E}
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together with the norm
|Pl| = sup |P(z)|
=<1
forms a Banach space. A (bounded linear) operator T: E — F between Banach
spaces is said to have cotype 2 whenever there exists some finite constant x > 0
such that for any finitely many ©4,...,2, € E,

1/2

(éHTkuP)l/z < n(/ol |[k§::1rk(t)xk||2dt) 7

where 7, stands for the k-th Rademacher function. As usual, we denote by Co(T)
the best constant in this inequality. It is well known that the cotype 2 operators
with C; form a Banach operators ideal. A Banach space E is said to have cotype
2 if idg has cotype 2; we denote Cy(E) for Cy(idg).

Dineen proved in [9], Proposition 1.54 (see also [8]) that £ is finitely rep-
resentable in P(™E) (provided m > 2 and E is infinite dimensional), which in
particular means that P(™E) does not have cotype 2.

Let now X be a Banach sequence space (e.g., £,, 1 < p < o0) and denote by
X, its subspace spanned by the sequences e = (dx;);, 1 < k < n. Since P(™X)
for m > 2 has no cotype 2, the sequence (Cy(P(™X},))), tends to co. Our aim is
to give an asymptotically optimal description of this divergence. We conjecture
that for any symmetric real Banach sequence space X and m > 2,

(1) C2(P(™ Xn)) = (n'/2)™~1Ca(Xy,),

and prove this conjecture within the class of all X which are either 2-convex or are
2-concave and have non-trivial convexity. This result gives various asymptotically
optimal cotype 2 estimates for spaces of polynomials on ¢,-spaces, Orlicz spaces
and Lorentz spaces.

In an appendix we give an asymptotically correct estimate for the cotype 2
constants of the injective tensor product of finite dimensional spaces which is a
proper extension of results from [1].

2. Preliminaries

We use standard notation for Banach spaces and sequence spaces. For back-
ground on Banach space theory we refer to [14], [15], for local theory of Banach
spaces to [4], [7], [23] and for background on general theory of polynomials and
tensor products see [4], [9], [10]. By L(F; F) we denote all (bounded and linear)
operators between the Banach spaces F and F.
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Given any two sequences (@n)n, (bn)n C R, we write a,, < b, whenever there
is some ¢ > 0 such that a, < ¢ b, for all n. We write a,, < b, if a,, < b, and
by < an.

Throughout the paper X will denote a Kéthe function space (in the sense of
[15], Definition 1.b.17) over (J, %, ), where 7 is finite or countable and p is the
counting measure on 7, i.e., a real Banach space X of functions ¢: 7 — R such
that

(1) i [9()] < [$(7)] for all j and ¢ € X, then % € X and [[9|| < 4]l

(ii) for all finite T C J, the characteristic function xz belongs to X.

Our main reason for dealing with real spaces only is to keep the paper simple;
in section 7 we indicate how our main results on (1) can be transferred to the
complex case.

We will say that X is a Banach sequence space whenever J = N and ¢; —
X < fo with embeddings of norm 1. In particular, all e, = (d,x)x € X and
llen]] = 1. A Banach sequence space is said to be symmetric if every £ € X, when
we consider its decreasing rearrangement (£X),en given by

& =inf{ sup |&]|: J C N, card(J) < n},
iEN~J
satisfies that ||{€:)xllx = I|(€:)nllx- For each n € N we define the space X,, :=
spaniey,...,e,}. Recall the definition of the Kothe dual of a Kdthe function
space X modeled on a finite or countable set J:

X*:={neRI:nt ct,(J) forall £ € X}.

With the norm ||n{|xx := supj¢ . <1 [In€lle, this is again a Banach sequence space
that is symmetric whenever X is so. Note that (X,,) = (X*), holds isometrically
for each n. Following standard notation define the fundamental function of X by

Ax(n) =Y exllx
k=1
for n € N, and recall that

(2) Ax(n)Axx(n)=n

(see, e.g., [14], 3.a.6). A Kothe function space X is said to be r-convex (with
1 < r < 00) and s-concave (with 1 < s < 00) if there exists a constant £ > 0
such that for any choice &;,...,&, € X we have

H (k‘;lskr)l/r E n(k‘ﬁ:lnskusg)l/r
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and

n 1/s n 1/s
(Thaisx)  <a(S &)
k=1 k=1

respectively; we denote by M(™(X) and M(,)(X) the smallest constants in each
inequality. Recall that X is r-convex (s-concave) if and only if X* is #'-concave

X

(s’-convex) (see [15], 1.d.4). If X is r-convex for some r or s-concave for some s,
then we say that X has non-trivial convexity or non-trivial concavity; 2-convex
and 2-concave spaces will be of special interest. It is well known that X is 2-
concave if and only if it has cotype 2; in this case, M(9)(Xy) < C2(X,). More
generally, M) (X,,) < C2(X,) whenever X has non-trivial concavity (see [15],
1.d.6). Hence for X with non-trivial concavity our conjecture from (1) can be
reformulated as follows:

3) C2(P("Xn)) = (/%)™ TMP (X,,).

Let E be any Banach space and T € L(£3; E). Then for independent Gaussian
random variables gi,...,g, on a probability space (£2,%, i) the l-norm of T is

defined to be 12
1) = ([ I 0Tl an)

This definition is independent of the choice of the orthonormal basis in £ and of
the random variables (g;); (see, e.g., [23], Section 12).
We will frequently use the fact that if X has non-trivial concavity, then

(4) I(d: 23 = X,,) < Ax(n);

indeed, from [23], (4.3), (4.7) and (4.8), we can take ry,...,r, the classical
Rademacher functions to get

n 1 n n
1 X,) = / IS genllx dis= / IS re@enlix di =S exllx
€ p— 0 k=1 k=1

As usual, define
X(E) = {(z:)ies C E: ([lz:]lg): € X},

where X is a Kéthe function space defined on a countable or finite set 7 as before
and E is any Banach space. Together with the norm ||(z:):||x (&) := |(||z:]| )il x
this space becomes a Banach space. The natural embedding X @ E — X(FE)
induces a norm on the tensor product, and X ® F endowed with this norm will
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be denoted by X ®x E. It is known (see, e.g., [17], Lemma 1.12) that if X is a
2-concave Banach sequence space and E is any Banach space of cotype 2, then
X(F) has cotype 2 and

(5) C2(X(E)) < V2M(3)(X)Ca(E).

3. Reduction to full tensor products

We write @™ E for the m-th full tensor product of a Banach space E, and @*FE
whenever we endow this space with the injective norm ¢. Similarly we denote
by ®»*E the m-th symmetric tensor product of F endowed with the symmetric
injective norm ¢,. By the symmetrization map

1
Sg: @ E = @"E,Sg(e1®- @ am) = — D Toty @ ® To(m),
oEY
where ¥, stands for the group of permutations of {1,...,m}, the space @**E
can be considered as a complemented subspace of ®7*E; recall that the natural
embedding has norm < m™ /m! and the projection P = S% has norm 1 (see, e.g.,
[10], 3.1). We use the notation ®Z4% for the m-th Hilbert tensor product of £
(for o =37, i GG, im)€is ® ein, DUt llzllz = (5 i 186 im)P)?):
It is well known that, if M is a finite dimensional Banach space, we can represent

the space of m-homogeneous polynomials on M as the m-th symmetric tensor
product of M’ (see [10], 5.3):

(6) QM =P(™M), @™z — [z~ a'(z)™].

Let us see that in our case we can go a little bit further and even work in the full
tensor product.

PROPOSITION 3.1: Let X be a symmetric Banach sequence space and m € N.
Let (an)nen € R such that amn < an (r€sp. ap, < amy); then the following are
equivalent:

(i) C2(P(™Xy)) < an (resp. an < C2(P(™Xy))).
(i) Co(®I¥*X]) < an (resp. a, < C2(®7*X])).
(ili) Co(RTX]) < an (resp. a, < Ca(@™X])).
The proof is based on the following Lemma.

LEMMA 3.2: Let X be a symmetric Banach sequence space and m € N. Then,
for all n € N and k € Ny, T X,, is a complemented subspace of T Xmntks

m I om,s
Q¢ Xn:‘_* X, Xonn+ks
P
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with ||I]] < 1 and ||P|| < m™.

Proof: Consider n, k and, for each i = 1,...,m, let us define injections I;: X,, —
Xomn+k and projections P;: X,pnir — X, by

mn—+k

n n n
Ii(Z/\jej) =D Ajeni-1+i> Pz’( > /\jej) =D Anli-1)+5¢-
i=1 j=1 i=1 i=1

Clearly, I; is an isometry and || P;|| < 1 for all . Consider now the symmetrisation
mapping S?m“ and the embedding I}("mn+k: ®er® Xmnsk = O Xmntk. Now
we have, by [10], 1.10, that

Sm Im
®I; Xmn Xmn m(QP;)
®Z"’Xn — ®?an+k +E ®2’8an+k —)+k ®?an+k — ®:_:an
gives the identity on ®T*X,,. This clearly gives the conclusion. The bound on
the norms comes from an immediate application of the metric mapping property
of £ and the above given norms for S% . |

Proof of Proposition 3.1: The equivalence (i) < (ii) follows in both cases im-
mediately from the representation (6). For the proof of (ii) < (iii), let us assume
first that @, < an- Then the implication (ii) = (iii) follows from Lemma 3.2,

Ca(®T'X,,) < m™Co(®° Xn) < Gmn < an-

On the other hand, (iii) = (ii) is immediate from the fact that ®7* X, & erX!.
Assume now that Gmy > ayn; then (i) = (iii) follows from ®7»* X, S erX!.

To prove (iii) = (ii), let us define [n/m] = max{k € N: k¥ < n/m} for each
n > m. Then, from Lemma 3.2 we have that

1
®::nX[n/m] = ®2’8 Xny
P

with ||7|] < 1 and ||P]| < m™. Then the proof goes as before. Notice that,
depending on whether m divides n or not, we have that n = [n/m|m or n =
[n/m]m + 1. |

Remark 3.3: The sequence a,, = (n'/2)™"1Cy(X!) considered in our conjecture
satisfies that for any fixed m, (anm) = (@,). Indeed, we obviously have that
(n/2)m=1 < ((nm)Y/2)m~1. For the cotype 2 constants note that X, = (X*),
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and C3(Yy) < Ca(Ypm) for each m and each symmetric sequence space Y; indeed,
if we factorize as follows, using the mappings defined in the proof of Lemma 3.2,

Youn —> Y

Y, ——Y,

then idy,,, = Y v, Liidy, P; and hence Ca(idy,) < Ca(idy,,,) < mCa(idy,).
This altogether proves that a symmetric Banach sequence space X satisfies our
conjecture (1) (for X with non-trivial concavity see also (3)) if and only if

(7) Ca(@F X) = (n'/2)" 1 Ca(Xa).

With this, we can give a first positive answer: Since Cy(f2) =
n/?(log(n + 1))~1/2 ([23], Section 4) and @™4" = £~ we get

my1l/
()T 2)miGy(en) = Ca(P(mEY).

Viog(n+ 1) B

@) Ca®75) =

4. A general estimate
Let us give now a general estimate, weaker than our conjecture.

THEOREM 4.1: Let X be any symmetric Banach sequence space and m € N;
then,

(n1/2)m—1

9) < Co(P("Xn)) < (/).

log{n + 1)

Moreover, if X has non-trivial convexity,
(10) (nY/2)m=1 < Co(P(™X,)) < (nM/H)™,

The upper estimate is trivial: Note that for any n-dimensional Banach space
E,, we have that

Co(E,) < d(Ey, £3)C2(83) < Vn,
where d stands as usual for the Banach-Mazur distance. Hence, since ® X, has
dimension n™, the upper estimate follows.
For the proof of the lower estimate for C2(®2*X,,) we need some work. Let us

recall first that if £, F' are Banach spaces and T € L{E; F), then for each k € N
the k-th approximation number of T' is defined to be

ag(T) = inf{||T - S||: S € L(E; F), rank S < k}.
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For a complete study of these approximation numbers in the more general frame
of the s-numbers see, e.g., [13], [18], [19].

Our starting point is the following result of Pisier (see, e.g., [20], Chapter 10):
For any Banach space E of cotype 2, every T € L(£5; E),

(11) kY20, (T) < Co(E) U(T).
In particular, for any Banach sequence space X and any m,
(12) kY2 aiid: ®F €5 = @ X,,) < C2(®TXy) I(id: @ £5 — Q™ Xy,).

Our goal now is to try to estimate in (12) the approximation number from below
and the [-norm from above in order to get a bound which can be evaluated in
concrete cases. Let us begin with the approximation numbers. Suppose that F,,
equals R" with some norm such that there is a group G of linear bijections on
X, satisfying:

(i) All g € G, when considered as operators on £3, are isometries.

(ii) Given a linear mapping u: E, — FE,, if ug = gu for all g € G, then there
is A € R such that v = Aidg, .

(iii) For each u € L(E,,) and all g, g2 € G, we have that ||giuga| = [|u]
In [6] it is proved that if E, is such a space, then

(13) a[n/z](id: 08— Ep) < |lid: £y — E,||.

Let now X be any symmetric Banach sequence space and let us fix n € N. For
each choice of signs ¢ = (&1,...,¢6,) € {—1,+1}" and any permutation = € %,
we can define mappings

MoR'—->R', Tp:R*"->R"

just by letting M, multiply each coordinate by the corresponding ¢ and T5
reorder the tuple according to w. Each one of these mappings is obviously an
isometry on X,,. Define now S(R") to be the group generated by the set

{Mg:e€{-1,+1}"}U{T: m € T},
and
S@"R*):={T1® - ®@Tm:Tj € SR"), j=1,...,m}.

Obviously, S(R™) considered as linear bijections on X, has the properties (i)—(iii)
stated above and, as a consequence, (13) holds for E,, = X,,; let us see now that,
using S(®™R™), we can even establish (13) for E, = T X,,.
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PROPOSITION 4.2: Let X be a symmetric Banach sequence space and m € N.
Then,

am 2)(id: @3 £y = @7 Xy) < |lid: @5 £y — @7 Xn||.
For m = 2 this result was proved in [1], Corollary in Section 3; we were unable

to extend by induction the proof given there so that we present an alternative
approach.

Proof:  Let us begin by showing that S(®™R"), considered as a group of bi-
jections on ®™X,,, satisfies analogous properties to the ones given in (i)—(iii).
Firstly, each operator in S(®™R") defines an isometry on ®35£3 since each
T € S(R™) is an isometry on £3 and, hence, (T1{e;,)® - ®Tm{€j, )i, m=1,..,n
is an orthonormal basis of ®5*£7.

For the proof of the analog of (ii) we use an argument that was first used by
Gordon and Lewis in [11]. We proceed by induction on m. It is known that the
conclusion holds for m = 1; suppose now that it also holds for ' X,,. Clearly,
the following set equals S(®™R"):

{T®Tp: T € S(®'R™), T, € S(R™)}.

Consider now u: @™ X,, = ®™X,, such that Tu = T for all T € S(®™R"). Fix
£ € X, and £ € X and define the mapping

v ®m—1 X, = (®m—1Xn)** — ®m—1Xn

by (v(n),n*) = (u(n ® £),n* ® £€*). Then Tv = oT for all T € S(®™ 1X,,);
indeed, for all n € ®™ 71X, and n* € (®™~'X,,)" we have

(an,n*) = (Tvn, n*).

By assumption there is a unique scalar A(€, £*) such that (vn, n*) = A(E, £*){(n, n*)
for all n € ™ ~1X,, and n* € (®™'X,,)". Now define

w: Xp = Xo" = Xpn,  (w,€7) = AE,€7).

Consider 19 € @™ X,, and 5 € ®™ 1 X} such that (ng,n3) = 1; then A(€,£*) =
(vmo, ng) = (u(no ® &), n§ ® £*). With this, proceeding in the same way as before
we have that w1, = Tpw for all T,;, € S(R™). Therefore, we can find ¢ such
that £(€,£*) = (w&, ") = A(£,£*) for all € € X,, and &* € X. Hence for every
UL

(un®&),n* &) =t{, N (mn") =t &7 ),
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which finally shows that u = ¢ idgmx, .

The third condition follows obviously from the fact that S(®™R™) consists of
isometries on @7'R".

Take now some linear isomorphism ¥: ®™ R* — R"®" such that, when the
Hilbert norms are considered, ¥: @F* £2 — £2" is an isometry. With this we can
define a norm in R*" by putting ||€]|. := e(¥~1(£)). In this way, clearly,

U: ®7 Xn — (an e

is an isometry. Define now the group Z(R*") := {¥T¥~1: T € S(®™R")}.
Each R € ©(R*") obviously is an isometry on £3" . On the other hand, if
u: R*™ — R®" is linear and such that uR = Ru for all R € £(R*"), then
U~ 1yUT = T¥ ¥ for all T € S(®™R"). Using what we just proved for
S(®™R™) we get that there is some A so that ¥~lu¥ = Xidgm x,, and, hence,
U = Atdgnm.

Given any two Ry, Ry € S(R™"), since they are isometries on (R*", || ||c), for
allu € L(R*™ || ||) we have that ||[RyuRs| = ||ul|-

Hence L(R""), considered as a group of linear bijections on (R*" || i),
satisfies the above conditions (i)—(iii) so that we finally can apply (13) and the
fact that ¥ is an isometry to obtain

A /2)(®F 5 = OF Xp) = apm 2 (R™, | [l2) = R, ]| )
<N®™, 1 l2) = @)l =1 ©F 6 = @FXall. 1

In order to handle the I-norm on the right-hand side of {12) recall Chevét’s
inequality (see, e.g., [23], (43.2)): For any two operators T € L(¢3; E) and S €
L3 F),

(14) T ® S: £ ®2 45" = E®c I) < (|| T|U(S) + LTS,

where ¢ > 0 is some universal constant. In [3], Lemma 6, it is shown by induction
of Chevét’s inequality that for T € L(£3; E) and m > 2,

(15) (®™T: ®F €3 — ®7'E) < enl(D)|T|™,

where ¢, > 0 is a constant depending only on m.
LEMMA 4.3: Let X be a symmetric Banach sequence space and m € N; then

|lid: 25 — X, ||

(16) (nm)mm

= CQ(@?X,;).



Vol. 129, 2002 COTYPE 2 ESTIMATES 301

Proof: Putting k = [n™/2] in (12) and using Proposition 4.2 we get

A7) (™Y @5 £ = @ Xl < Co(Q7X,) U545 — @' X,).

To finish, note that ||[£5 — X,,||™ = || @5 £% — @7 X,,|| and use (15). [ |
With this we can now give the

Proof of Theorem 4.1: The upper estimate has already been proved. The lower
one will follow from Lemma 4.3 applied to the symmetric Banach sequence space
X (instead of X). To begin with, from the definition and applying (23], (4.4)
and (4.8) we have

1/2
Iy — X)) </ HngekHXxdu)
<M\/log(n 1 1) (/ ||Zrk ekHXxdt)

n

0

k=1

/2

log(n + 1)

XX

On the other hand, || "¢ ; exllx; < /n|/¢3 — X}||. From this and (16) we

obtain
(n1/2)m—-1

log(n +1)

With this and Proposition 3.1 we get (9). For (10), notice that if X has
non-trivial convexity, then X* has non-trivial concavity, and hence by (4)
(€3 — X)) < Axx (n). ]

C2(®ZLX;L) -

?

5. Proof of the conjecture for 2-convex spaces

Let us prove now that our comjecture (1) (see also (3)) is true when X is a
2-convex symmetric Banach sequence space.

THEOREM 5.1: Let X be a symmetric 2-convex Banach sequence space and fix
m; then

Cy(P(™X,)) < (n'/%)m1,

Three lemmas are needed for the proof. The following definition was introduced
in [16] and is a generalization of the classical concept of (p, ¢)-summing operators.
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Definition 5.2: Let X,Y be two K6the function spaces modeled on some finite or
countable set J and F, F' two Banach spaces; we say that T € L(E; F) is (Y, X)-
summing if there exists some constant ¢ > 0 such that for any finite Z C J and
(zi)iez C E, we have that

I(1Tzill Fliezlly < ¢ sup |[{z'(2:))iezllx;
fla'll gr <1
the best constant in this inequality is denoted by 7y x (T').
For X = ¢, we as usual write m, = 7x x. It is easily shown that if i: X — Y,
then T € L(E; F) is (Y, X)-summing if and only if i1 @ T: X ®. E > Y ®y F is
continuous and, in this case,

Wyyx(T) = ||i®T: XQ FEF—=Y Qy F“

The following result is a slight modification of Lemma 1.2 in [16]; for the sake of
completeness we give here an adapted proof.

LEMMA 5.3: Let Y be a Kothe function space modeled on 7, finite or countable,
such that Y = Y **; then any (¢1(J), £1(J))-summing operator T € L(E; F) is
(Y,Y)-summing and

Ty, (T) < mey (7)1 () (T)-
Proof: Take T C J finite and (x;);cz C F; we know that

N(ITz: | F)iezlle,(7) < Tey(ay,e0)(T)  sup ||z (2:))iezlle, ()-

lz'|| g <1
Since Y = Y *X,
Iz:lediezlly =1 Tzlherly = s G r)icrlio)
iJilly X >
<me e (T)  sup sup  [[(2'(Cixs))iezllen ()
[(Ci)illy x L1z || g <1
=T @) a(T) - sup sup  [[(Ga'(@:))iezller )

'l g <THG)illy x <1

=77,y (T) sup  |[|(2'(x:))iezlly xx

I
ol <1

=7, (T) sup (2" (x:))iezlly. B
lz' | g2 <1

The assumption Y = Y ** is equivalent to the Fatou property of Y (see [15],
Section 1.b).
The following Lemma is of independent interest.
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LEMMA 5.4: Let Y be as in Lemma 5.3; then for each Banach sequence space
XandneN

Wy’y(idxn) = ”’td Y®: X, =2Y®y X, < KGM(Q)(X»,,) nl/z,
where Kg > 1 is Grothendieck’s constant.

Proof: By the Grothendieck-Krivine inequality (see [15], Theorem 1.f.14), for
any T € L(C(K); X,,) and finitely many z1,...,zm, € C(K),

m 1/2 m 1/2
(L) (zmw)
k=1 X k=1

C(K).

Hence,

( g HTzkH%() " <M2)(Xa) | (i [T:::k|2> 1/2“X

k=1

m 1/2
<KeM)(Xa) T ||(Z|xk|2) leo

k=1
/2

=KaMey () [T s (le @)
so that ma(T) < KgM()(X»)||T|l. Then, by [23], Proposition 10.17, and the
well known fact that m2(idx,) = v/n,

Wl(idxn) S KgM(z)(Xn)ﬂ'g(ian) = KGvM(z)(Xn)\/T_L.
With this, applying Lemma. 5.3, we get

Y ® Xn = Y @y Xl =nyy (idx,) < mey 0, (idx,,)
=m1(idx,) < KgM()(Xn)Vn. (]

For the formulation of the third Lemma we need some further notation. If
X is a Banach sequence space let us define [X]? to be the space of functions
¢: NxN = Rsuch that (¢(n, k))r € X for alln and (||(¢(n, k))kl|x)n € X. Define
the norm |||l x2 = |(/(¢(n, ¥))x]lx)nllx, and note that [X]* together with this
norm is a Kéthe function space modeled on N?. Notice that [X]2 2 X (X) holds
isometrically.

Suppose that [X]™~! has been defined and let us define [X]™ like those func-
tions ¢: N™ — R such that (¢(i1,-..,%m—1,m))i,en € X for all (iy,...,im-1) €
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N™~! and {[I(¢(i1, .. 'aim~17im))im“X)(il,...,im_l) € [X]mhl. We endow it with
the norm

Idllcm = NU(BGL, -- -5 tme1s )i X ) (i1, om0 -1

With this norm [X]™ is a K6the function space modeled on N™ and [X]™ ¢
[X]™~Y(X). A simple iteration of (5) shows that for each m there is some constant
K > 0 such that, for each 2-concave Banach sequence space X,

(18) Co([X]™) < K M) (X)™

LeMmMA 5.5: Let X be a Banach sequence space and m € N; then, for all n,
lid: ®F X — [Xa]™ || < KG ™My (Xp)™ 7 (/2™

Note that when X is 2-concave, M(3)(X,) < M(g)(X) for all n.

Proof: Let us prove it by mmduction. The case m = 2 follows from Lemma 5.4
(put Y = X,,}. Suppose that the result holds for m—1. Considering the following
commutative diagram with the natural ma:pings

®;"Xn = (@gz—an) QR X, —— [Xn]m — [Xn]m—l(Xn)
[Xa] ' @ X,
we get
| ®F Xn = [Xn] || SO Xn) ®c Xy = [Xp]™ 7! @ X[
XA ® X = [Xn]™ ™ ®px, -1 Xanll.

From Lemma 5.4, we know that ”[X"]m—l ®e Xp — [X"]m—l Bpx,]m-1 Xn,” <
KeMy)(Xn) n'/?. As (8771 Xn) @ X = [Xa]™ ™ @ Xl < | @27 X =
[X,)™" ||, by applying the induction hypothesis we obtain

[ ®F Xn = [Xo]™(| < K& ™' Mgy (X)) " (/™1 8

With all this we are now ready to give the

Proof of Theorem 5.1: Notice first of all that it is enough to prove that every
X, 2-concave and symmetric, satisfies Co(®™X,) < (n'/2)™~1. Indeed, taking
X a 2-convex space and applying this to X/, jointly with Proposition 3.1 we get

Cy(P(™X,)) = (nt/H™ 1,
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Let then X be any 2-concave symmetric Banach sequence space. To get the
desired upper estimate of C2(®™X,,) let us factorize

®" X, “ & Xn
\ /
[Xn]™
Then, from Lemma 5.5 and the fact that ||[X,]™ — ®™X,|| < 1 we have that
Ca2(®7" Xn) < (n'/2)™ 1 Ca([Xa]™).
Now, by (18), Ca([Xn]™) < M(9)(X5n)™ < M(2)(X)™, hence
Ca(®™X,,) < (nt/ZH)mL,

This, together with Proposition 3.1, gives the upper estimate. The lower bound
follows from Theorem 4.1, since X is non-trivially convex. |

6. Proof of the conjecture for 2-concave spaces

Let us now see how our conjecture (1), and also (3) follows for 2-concave spaces
with non-trivial convexity, giving the following

THEOREM 6.1: Let X be a 2-concave symmetric Banach sequence space with
non-trivial convexity and fix m € N; then

C2(P(™X,)) < (V)™ M@ (X,) < n™? I Ax(n).

As we did in the previous section, we are going to prove the theorem using
Proposition 3.1, which means to prove that for every 2-convex X with non-trivial
concavity

(n1/2)m
Ax(n)’
indeed, if this is true and X is 2-concave with non-trivial convexity we can apply

it to its K6the dual and use (2) to obtain the result. We start with the proof of
the second estimate in (19) for m = 1.

(19) C2(@7X,) < (Y™ Mgy (X,) =<

LEMMA 6.2: Let X be a 2-convex symmetric Banach sequence space with non-
trivial concavity; then,

M(2)(Xn) =
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Proof: For the upper bound we factorize the identity as usual,

X, — X,

o

£y ——— 03

Note first that if X is 2-convex, then 1 < |[£F = X,|| < M®)(X) for all n.
Clearly from this we obtain

M(3)(Xa) < | Xn = Gl Mg)(63) 1165 = Xall < 165 — Xpll MP(X).

Now, since X is 2-convex, X* is 2-concave and we have already noted X,
(X *)n. Moreover, by [22], Proposition 2.2 (see also [5]), we have ||[£F — E,||
n~Y2)\g_(n) whenever E is a 2-concave Banach sequence space. With all this
and (2),

X

1/2
M9)(Xn) < M@ (X)[|£2 = X" || < ——.
(2)( )— ( )” 2 n” )\X(n)

For the lower estimate take k& = [n/2] in (11) to get

[n/2]" a9 (85 — Xn) < M2)(Xn)l(£5 = Xn).

Now, since X has non-trivial concavity, we can apply (4) and (13) to get

145 = Xall 1/2 nl/?
M \(Xp) > n'/% > .
@) > T 2
This completes the proof. 1

The next lemma corresponds to Lemma 5.4.

LEMMA 6.3: Let X be a Banach sequence space and Y be a Kéthe function
space modeled on some finite or countable set; then, for every n,

llid: X ®: Y = Xa(Y)|| < Ax(n).

Proof: We factorize in the following way,

XY Xn(Y)

\/
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and get || X, ®Y = X, (V)| € 2, QY — X,,(Y)||. Let us estimate this latter
norm: For {y,...,(, €Y,

1>~ ek @ Gullxa vy =GRzt llx, < 165 = Xl sup lICklly
k=1

=le2, = Xall 1D er ® Cellen v
k=1
hence

n n
16 ®c Y = Xa(Y)|| < 1€ = Xall = sup I Axerlix, <11 exllx,
Pel<1 25 k=1

which proves our claim. |

Analogously to what we did before Lemma 5.5, we define [X], as those func-
tions ¢: Nx N — R such that (¢(n, k)), € X for all k and (||(¢(n, §))nllx)x € X;
with the norm defined in the obvious way we have that [X]» &2 X(X) holds
isometrically. Let us suppose that [X],,_1 has been defined and define [X],, to
be the space of all ¢: N™ — R such that ((i1, -, im—1,%m))(is,....im_1 )eNm—1 €
[X]m—1 for all i, and (|[(¢(i1, - -5 Im—1,m))(ir, o sim ) [ XD Vi € X. We de-
fine the norm

Dllixtm = NUBG1, - - ety 8m) Vg oosiv ) N X Tt i X -

In this case, we have that [X],, = X([X],,—1) holds isometrically. Once again, a
repeated application of (5) gives that for each m there is some constant K > 0
such that, for each 2-concave X,

(20) C2([X]m) < K Mgy (X)™
LEMMA 6.4: Let X be any Banach sequence space and m € N; then for all n,

lid: @ Xy, = [Xn]ml| < Ax(n)™ 2

Proof: We prove it by induction; the case m = 2 is clear from Lemma 6.3.
Assume the result to be true for m — 1; that is, || @™ ! X,, = [Xu]m_1] <
Ax(n)™2. For the m-th case we have

®?Xn =X, ® (®?_1Xn) — [Xn]m = Xn({Xn]m—l)

_—

Xn ®e [Xn]m—l
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The metric mapping property and the induction hypothesis imply
[ Xn ® (@71 X0) = Xy ®c [Xnlm-1ll < 177! Xy = [Xplm—1l| < Ax (n)™ 2.
By Lemma 6.3, || Xy, ®c [X]m-1 = Xn([X]m_1)|l < Ax(n), thus

&8 Xn = [Xnlmll < Ax ()71 8

Proof of Theorem 6.2: Recall that it is enough to show (19) for 2-convex spaces
with non-trivial concavity; in fact, in view of Lemma 6.2 we just prove

Co(® X,) < (n'/*)™ Mz (Xn).
First of all, in order to check the upper estimate let us again factorize,
O Xn = O Xn
[Xn]m

Since ||[Xp]m — @7 X,|| < 1, together with (20), Lemma 6.4 and Lemma 6.2 we
get

Co(®T"Xn) < Ax (M)™ Mgy (Xp)™ < (/%)™ M9y (Xy).

For the lower estimate we start from (16). Since X has non-trivial concavity,
using Lemma 6.2 and (2), we have that

1(id: £ — Xn) < Ax(n) < n'/*Mg)(X,) "
From this and the fact that ||€5 — X,|| > 1, we finally obtain

Ca(@7'Xn) = (n'/?) 1063 — X,)
2 n

= (/D™ IM () (X,).

7. The complex case

Our main results on conjecture (1) (Theorems 4.1, 5.1, 6.1) can be easily carried
over to complex Banach sequence spaces (defined in the obvious way). For a
complex Banach sequence space X define

X[R) :={y € X:y, € Rforall n}

and endow it with the induced norm from X. Then X(R) is a real Banach
sequence space which is symmetric or 2-convex or 2-concave if X itself is (with
the obvious definitions).
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PROPOSITION 7.1: Let X be a complex symmetric Banach sequence space. Then
for each m,

(21) Co(P("X(R)n)) < C2(P(™Xn)) < Ca(P(™X (R)2n))-
In particular, if (a,) < (as,) and (b,) < (bay,), then
(an) < Co(P("X(R)n)) < (bn)

if and only if
(an) < Ca(P(M™Xy)) < (by).

We start the proof with some remarks of independent interest.

Remark 7.2: For any complex Banach space Z denote the underlying real Ba-
nach space by Zg; let us observe that in this situation P(™Zg) denotes the real
Banach space of continuous real m-homogeneous polynomials from Zg into R.
Let now (Y, || ||) be a real Banach space, and let us consider an arbitrary com-
plexification (Y +:Y, || |c) of (Y, || |I) (ie., Y +¢Y =Y XY together with a norm
that satisfies that max{||z||, |lyli} < llz + iyllc = ||z — tyllc and ||z + i0]/c = ||=||
for all ¢,y € Y'). Then for each polynomial P € P(™Y),

m

Clx +iy) Z( )mkP y™ k)

k=0

(P the symmetric linear mapping associated to P (see [Di], Section 1.1))
which extends P and fulfills |[P®|| < (2m)™/m! ||P||. Conversely, for each
Q € P("™(Y +iY)) there is a unique R € P("™(Y + 1Y )g) with

(22) Q(x + iy) = R(z + iy) — iR(e™/*™(x + iy));

in consequence ||Q| = | R|.
We now prove (21). For each choice P, ..., Py of polynomials in P(™ X (R),,)
we have

1/2 1/2
M M

SEi] < Suese
j=1 j=1

1/2

1 M
<Cy(P(™ X)) /0 IS ) PEYRde
j=1
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1 M ¢
=caPCx) | [ (me) [t

1/2

1/2
S(Zm? Ca(P( (/ uzrj P”2dt> :

which obviously gives the first inequality in (21). For the second one we first
check

Co(P(" X)) < C2(P(™(Xn)r));
indeed, for Q1,...,Qum € P(™X,,) let Ry,..., Ry € P(™(Xn)r) be as in (22),

hence
o 1/2 o 1/2
(ZHQJ-H“’) =(Z”Rf”2)
L M 1/2
<Co(P("(Xn)w)) ( X er<t>Rj||2dt)

1/2
=C2(P(™(Xn)r)) (/ HZ?‘; Qall2dt) :

j=1
Finally, we obtain from the symmetry of X that ||i|| - ||¢7}|| < 4, where the

mapping
i (Xn)r =& X(R)2,

is defined by i(xy,...,2,) := (Rexy,Imzy, ..., Rex,, Imz,). Hence
C2(P(™Xn)) < C2(P(™(Xn)r)) < 4™ Co(P(" X (R)2n)),
which completes the proof. i

Clearly, the complex versions of 4.1, 5.1 are now immediate, and the complex
version of 6.1 follows the same way since by Remark 3.3 we have M2)(X (R),) =
M3)(X(R)25) (rewrite 6.1 in terms of concavity).

8. Estimates for concrete spaces

Let us now apply our results to get estimates for some special important sequence
spaces. In view of the preceding section, now all considered Banach sequence
spaces will be complex.



Vol. 129, 2002 COTYPE 2 ESTIMATES 311

Example 8.1: 'We begin with £,; it is well known that £, is r-convex iff 1 <r <p,
and s-concave iff p < s < 0o. Therefore Theorem 5.1, Theorem 6.1 and (8) give,
for each m € N,

(nl/Z)m

log(n+1)
Ca(P("Ey)) < n™2-1p1/P if 1 < p < 2,

(n/2ym=1  if 2 < p < o0.

ifp=1,

Example 8.2: Let ¢ be a non-degenerate Orlicz function and £, the Orlicz se-
quence space associated to it (see [14], Chapter 4, for definitions and properties).
An Orlicz function ¢ is said to satisfy the As condition if

lim sup P(2t)
t0  ©(t)

< 00,

or equivalently, if there is a constant C' > 0 such that ¢(2t) < Cy(t) for all
t > 0. It is known (see [12], Corollary 13 and Corollary 15) that £, is s-concave
(2 < s < o0) iff there is a constant K > 0 such that ¢(At) > KA*¢(t) for all
0 < A\t < 1. Moreover, it is r-convex (1 < r < 2) iff it satisfies the A, condition
and p(At) < KA"p(t) for all 0 < At < 1 and some K > 0. The fact that
¢ satisfies the A, condition guarantees that £, has non-trivial concavity (see
[12], Proposition 7). Finally note that an easy calculation shows that Ag,(n) =
1/¢~Y(1/n) for all n € N.

With all this we obtain by Theorem 5.1 and Theorem 6.1:

(i) Let ¢ satisfy the Ao condition and be such that p(At) < KA2p(t) for all
0 <\t <1 and some K > 0; then

Co(P(™3)) < (n!/?)™ 1.

(ii) Let ¢ be such that p(At) > KA%p(t) for all 0 < At < 1 and some K > 0;

then
nm/2—1

=1 (1/n)

Example 8.3: Let now X = d(w,p) be a Lorentz space (see [14], Section 4.e,
[15], Section 2.a for definitions and basic properties) and define d™(w,p) = X,,.
In [21] it can be found that d(w, p) is always r-convex (and M,(d(w,p)) = 1)
iff 1 <7 < p. In order to formulate concavity conditions, we say that w is a-
regular (0 < o < 0o) if wy < £ 377"  w®. Then [21], Theorem 2, shows that, for
p < s < oo, d(w,p) is s-concave iff w is t/p-regular, with 1/t = 1/p—1/s. It
is non-trivially concave iff w is 1-regular. In particular, this means that d(w,p)

Cy(P("E5)) =
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is 2-convex for all 2 < p < oo; and that if 1 < p < 2 and nw? < Y7 ; wi with
g =2/(2—p), it is 2-concave (and clearly of non-trivial convexity). Notice that
if it is 2-concave, then w is 1-regular.

This gives that for each m € N,

(i) if 2 < p < o0, then

Ca(P("d"(w,p))) < (n'/?)™
(i) if 1 <p < 2 and nwd < Y i, wf with ¢ = 2/(2 — p), then

n
Ca(P("d™ (w, p))) = n™2 (3 ) VP < /2=t oy,
=1
Example 8.4: Let us consider now the case of Lorentz sequence spaces £, 4 (see
[2], [19]). It is known that £, 4 is r-convex iff 7 < p, r < ¢ and it is s-concave if
and only if p < s, ¢ < 5. With this,
nm/z—lnl/p

o = if2>p, 22>4¢q,
Co(P("4,0)) < {(nl/z)m—l if 2 < 2, 2<q.

9. Appendix

We give here a last result that, although it is not in the main trend of this paper,
is based on some of the techniques that we have been using all through the paper.
First of all notice that simply by joining Lemma 5.4 and Lemma 6.3 we have that
if X and Y are two Banach sequence spaces, then for all n,m

(23) |lid: Xr, ®c Yo = Xn(Yim)|| < min(Ax(n), KeM(z)(Ym) ml/z)'

PROPOSITION 9.1: Let X be either 2-concave or 2-convex with non-trivial
concavity and let Y be either 2-concave or 2-convex with non-trivial concavity;
then

Co(Xn ®c Yn) < min(\/ﬁM(z)(Ym), \/”%M(Z)(Xn))v
where this means that we can find upper and lower bounds with constants

depending neither on n nor on m.

This is a proper improvement of a result on cotype 2 estimates for injective
tensor products of £3’s given in [1], Proposition in Section 5.

Proof: Let us begin by assuming that both spaces are 2-concave. We factorize,

id

Xn®Y X.®Y

~ 7

Xn(Ym)
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Now, from this factorization and (23),
Ca(Xn ®c Yin) < KeM(z)(Ym) m!/2Ca( X0 (Yom))-

Using again (5) we have some universal constant K > 0 such that Co( X, (Vi) <
KM 2)(Xn)M2)(Yy,). Since Y is 2-concave, the M(3)(Yy,) are all bounded by
M, (Y), hence

Co(Xn ®e Yin) < m'/*Ma)(Xy).

By the symmetry of &, C3(X,, ®c Yi) < n'/?M)(Y;s), which gives the desired
upper estimate. To get the lower bound we have, from (11),

vnm||ly @25 = X, Qc Yiu|| < Cao( Xy, ®c Y )l(£5 @2 €5 = X, @ Yin ).

We know that |5 @2 5" = X, ® Y| = ||€5 = X |£5* = Yiull. On the other
hand, by Chevét’s inequality (14),

(€5 @2 63" = X, ®c Yiy) < c(l(€h = Xp) 165" — Yol + 165 — Xu||l(£5* — Yin))-
All this gives

(24) 1< Cy(X, ® Vi) ( Heg = Xn) (43 — Ym) ) '

+
v (63 = Xnl - Vam ([€5 — Y|
Since X has non-trivial concavity, by (2), 1(¢§ — X,,) < Ax(n) < /7|3 — X, ||;
and the same holds for Y. Sampling this in the last inequality and after the proper

cancellations we obtain

1
1 <Co( Xy ®: Yp) ————,
2(Xn @ Ym) min(y/m, /n)
with which we have what we wanted. Assume now that both spaces X and Y
are 2-convex and have non-trivial concavity. For the upper estimate we factorize

as we did it before to get, applying Lemma 6.2, (5) and (23),
C2(Xn ®e Yim) < Ax(n)Ca(Xn(Yim)) < vVnMz)(Yrm).

But again we also have C2(X, ®, Yin) < v/mM(9)(X,,), which yields the upper
bound. For the lower one we start, as before, from (11) and apply Chevét’s
inequality to arrive at (24). Then we apply that ||/ — X,|| > 1 and, since X
is 2-convex and has non-trivial concavity, by (2) and Lemma 6.2, [(£} — X,,) x
Ax (n) < y/nM(2)(X,) ™" (the same is true for Y) to get

N vm
1 <Ca(Xpn ®e Yin) (\/%M@)(Xn) * \/WM@)(Y'”))
1

'<CQ(Xn ®Re Ym)

mln(\/n_zM(z) (Xn), \/EM(Z) (Ym)) .
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This proves the second case. The proof of the case when one is 2-concave and the
other one is 2-convex with non-trivial concavity goes as the two previous ones,
taking the appropriate estimate in each case. |

As a straightforward consequence we have the following characterization.

COROLLARY 9.2: Let X,Y be any two Banach sequence space; then X,Y are
both 2-concave if and only if

Ca(X,, ®c Ym) < min(yv/n, v/m).

Proof:  The ‘only if’ follows from Proposition 9.1. The ‘if’ implication yields
from the fact that if we fix m = 1, then we have X,, ®. ¥, = X, and

Ca(X,,) < min(y/n,1) = 1.

In other words, the C3(X,,) are bounded and X is not isometric to £y,. Therefore
X has cotype 2, hence is 2-concave. The same proof is valid for Y. |

It is well known that, if either E or F are finite dimensional, L(E; F) = E'® . F
holds isometrically. Therefore we obtain the following corollary.

COROLLARY 9.3: Let X be either 2-concave with non-trivial convexity or 2-
convex with non-trivial concavity; then

Ca(L(Xn)) = V.
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